Feedback shift registers (FSRs), which have two configurations: Fibonacci and Galois, are a primitive building block in stream ciphers. In this paper, an improved transformation is proposed between Fibonacci FSRs and Galois FSRs. In the previous results, the number of stages is identical when constructing the equivalent FSRs. In this paper, there is no requirement to keep the number of stages equal for two equivalent FSRs here. More precisely, it is verified that an equivalent Galois FSR with fewer stages cannot be found for a Fibonacci FSR, but the converse is not true. Furthermore, a given Fibonacci FSR with n stages is proved to have a total of 2 n−1 ! 2 − 1 equivalent Galois FSRs. In order to reduce the propagation time and memory, an effective algorithm is developed to find equivalent Galois FSR and is proved to own minimal operators and stages. Finally, the feasibility of our proposed strategies, to mutually transform Fibonacci FSRs and Galois FSRs, is demonstrated by numerical examples.
I. INTRODUCTION
Pseudo-random sequences are deterministic sequences with certain random properties, and have a wide range of applications, including but not limited to, detection [1] , encryption [2] , scrambling and spreading [3] . In digital circuits, the common pseudo-random sequences generators are: Feedback shift registers (FSRs) [4] , filter generators [5] , combination generators [6] and binary machines [7] . Due to FSRs' conceptual simplicity and effect applications, the investigations on FSRs have attracted considerable attention of researchers. An FSR is composed of a clock, updated functions and n registers, which are also called stages. More precisely, each register, denoted by x i , i = 1, 2, ⋯, n, only has the fundamental binary states: 1 and 0, where x 1 and x n are respectively called the lowest and highest order registers. At every clock cycle, the state update of register x i depends on the corresponding update function f i , which is composed of some logical operators such as ∨ and ∧. The state of one FSR at time instant t, denoted by X(t) = (x 1 (t), x 2 (t), ⋯, x n (t)), is computed by the values of all registers at the last time instant (i.e., X(t − 1)) and the corresponding update functions f i . In the previous literature, algebraic normal form (ANF) is a common representation for Boolean functions, while addressing the analysis and synthesis of FSRs. In particular, for a Boolean function f ∶ {0, 1} n → {0, 1}, its ANF is essentially a polynomial in Galois fields of order (2) (GF(2)) as f (
1 ⋅ x i2 2 ⋯x in n . Thereinto, c i takes value from {0, 1}, and (i 1 i 2 ⋯i n ) is the binary expansion of i with i 1 being the least significant bit. Based on the ANF of logical functions, the corresponding polynomial form of FSRs can be further obtained. Thereby, many problems of FSRs were investigated, including but not limited to, irreducibility [8] , equivalent transformation [9] , decomposition [10] , as well as attack [11] .
In general, according to the implementing configurations, FSRs can be divided into two types: the Fibonacci and the Galois, as shown in Fig. 1 [9] . The first one is called a Fibonacci FSR and is conceptually more simple. In Fibonacci FSRs, the registers are chained to each other, then the state of register x i , i ∈ [2, n] , is transmitted to the next register x i−1 , except for register x 1 . The unique feedback function exists to update the state of the n-th register, namely x n . While in Galois FSRs, each register has its own feedback function rather than the chain connection form. For both types of FSRs, the value of the lowest register acts as the output of the whole FSRs. Therefore, for a Fibonacci FSR, it is clearly noticed that the period of it state trajectory equals to that of its corresponding output sequence. It is helpful to construct Fibonacci FSRs when the period of output sequences satisfies some special characters. For a Galois FSR, the period of its output sequence is not necessary to be equal to that of states trajectory, but must be a divisor of the period of the corresponding state trajectory. From the application point of view, the depth of circuits used in the updated functions of Galois FSRs is potentially smaller than that of Fibonacci FSRs [9] . Hence, these two kinds of FSRs have own disadvantages and advantages in the practical applications, and it motivates us to study the transformation between Fibonacci FSRs and Galois FSRs. (2) Galois FSRs [9] .
The transformation between two types of FSRs is to construct a Galois FSR and find the initial state which matches a given initial state of the given Fibonacci FSR to generate same outputs sequences, and vice versa. In [9] , Dubrova proposed a special form called uniform form. Based on this special form and ANF, Dubrova argued that for a given Fibonacci FSR with uniform form, if the Galois FSRs obtained from this Fibonacci FSR are also uniform, then these two FSRs are equivalent. Furthermore, Dubrova in [12] found the matching initial states for the equivalent of these two FSRs with uniform form. Unfortunately, there still exist a large number of FSRs, which are not uniform. Therefore, it is natural to raise such a question: For a Galois FSR which does not satisfy the uniform conditions, whether the corresponding equivalent Fibonacci FSR exists?
To answer the question, some works have been done. In [13] , although the uniform conditions are not satisfied, it requires that the update functions only take input from lower stages than the stages they update. Later on, in [14] , Dubrova proposed a novel transformation, which can be applied to arbitrary Galois FSRs rather than just the uniform FSRs, but some constraints on the update functions were still necessary to realize this transformation. Very recently, in order to further relax the constraints, Lu et al. firstly utilized the Boolean networkbased method to investigate the transformation between these two types of FSRs in [15] , where an FSR is regarded as a Boolean networks (BNs). Although the equivalent conditions were relaxed slightly, the FSRs transformed from Fibonacci FSRs can not be guaranteed to be Galois FSRs.
In this paper, we further attempt to use the BN-based method to investigate this transformation. BNs are a kind of logical systems, thus they were first proposed to model gene regulatory networks [16] , [17] . Similar to FSRs, the state of each node in a BN is also binary: 1 or 0. Moreover, each node has its own update function, which is also a Boolean function. At each time instant, the state of each node is updated by the corresponding update function. Recently, to deal with this discrete-time and also discrete-state system, the semitensor product (STP) of matrices was proposed by Cheng et al. [18] . STP of matrices breaks the rule of traditional matrices multiplication. That is amount to say that, under the framework of STP, matrix A with dimension n × m can multiply with matrix B with dimension p×q, where m ≠ p. By STP, a discrete-time logical system precesses its corresponding algebraic state space representation rather than directly convert into the ANF. Inspired by the convenience of STP, some remarkable results on BNs were obtained, including but not limited to, controllability [19] , [20] , observability [21] - [23] , stability [24] , [25] , optimal control [26] as well as block decoupling [27] .
Recently, BNs are used to model FSRs in [28] , [29] . From the analytical point of view, the ANF can not explicitly reflect the relations between update functions and state transition. Relative to the ANF, under the framework of STP, Zhong et al. in [30] first revealed the relation between update functions and state transition for Fibonacci FSRs, and it is helpful to construct the equivalent FSRs. In this paper, main contributions are stressed into the following points:
• For a given Fibonacci FSR with n stages, we first develop an approach to construct the equivalent Galois FSRs with n stages. Actually, in many existing results including [9] , [12] - [15] , the stage number of these two equivalent FSRs were coincident. However, according to the definition of transformation, only the output sequences are necessary to be identical, the number of stages is not. Furthermore, it is well-known that the power consumption and latency will increase as the number of registers increases. A natural question is that whether there exists an equivalent Galois FSR with fewer stages than the given Fibonacci FSR but generating the same output sequences. We prove that for Fibonacci FSRs, there does not exist an equivalent Galois FSR with fewer stages, but the converse is not true. • According to the approach proposed in this paper, a total of (2 n−1 )! 2 −1 equivalent Galois FSRs can be constructed. As shown in Table I , logical operators always take up memory and increase propagation time. Therefore, while designing FSRs, it is desirable for us to use as fewer logical operators as possible to achieve satisfactory aims. As usual, we only focus on the transformation, and ignore how to optimize the number of logical operators. In this paper, we develop an algorithm to select the equivalent Galois FSR with the minimal operators and stages. • For arbitrary given Fibonacci FSR with n stages, there must exist equivalent Galois FSRs with n stages. However for the transformation, from Galois FSRs with n stages to Fibonacci FSRs, it is not necessary to guarantee the same number of stages. A criterion is derived to determine whether there exists an equivalent Fibonacci FSR with same stages. If true, we continue to construct the equivalent Fibonacci FSRs with stages fewer than n. Otherwise, we further verify whether there exists equivalent Fibonacci FSRs with the minimal number of stages greater than n. This paper is organized as follows: Section II presents some notations and basic definitions. In Section III, the transformation problem between Fibonacci and Galois FSRs is investigated. Moreover, two algorithms are respectively designed to reduce the number of logical operators and stages as much as possible. The last section concludes this paper.
II. PRELIMINARIES
First of all, some necessary notations are introduced to simplify the presentation of the main content.
• [a, b] ∶= {a, a + 1, ⋯, b} with a and b being positive integers;
, where I n represents the identity matrix with dimension n;
In a Fibonacci FSR, the state value of register x i is moved to the next register x i−1 , i ∈ [2, n], except for register x 1 . It claims that the corresponding update function f i can be presented as f j = x j+1 , j ∈ [1, n − 1]. Particularly, the state of register n at the next time instant depends on the states of certain registers taking from the set {x 1 , x 2 , ⋯, x n }. Besides, the update function f n is given in the form as f n = f (x 1 , x 2 , ⋯, x n ), which is generally called the feedback function of Fibonacci FSRs. However, for a Galois FSR, each register has its own feedback function. Therefore, the Fibonacci FSR with n registers reads:
and the Galois FSR can be described as follows:
Thereinto, the state of the i-th register for Galois FSRs is presented as z i , in order to avoid confusion with that of Fibonacci FSRs. Moreover, states x 1 (t) and z 1 (t) act as the outputs of Fibonacci FSRs and Galois FSRs at time instant t, respectively. Observing the implementing configurations of Fibonacci FSRs, it is noticed that the state transition is quite special. More precisely, for a given state (x 1 (t), x 2 (t), ⋯, x n (t)), the next state of the whole register can be calculated as
It can be observed from Fig. 1 that these two FSRs have different structures. From the theoretical and practical points of views, they have own advantages and disadvantages. Thus, it is interesting and important for us to investigate the mutual transformation between these two kinds of FSRs. Afterwards, an FSR is regarded as a BN, then the STP method is applied to further investigate the transformation between FSRs. Before presenting the algebraic state space representation, some necessary acknowledge about STP and BNs are briefly introduced.
where '⊗' is the Kronecker product and l = lcm(n, p) is the least common multiple of n and p.
Please refer to [18] for more detailed computation process.
As mentioned in the Introduction, a BN is essentially a logical system, where the state of each node takes value from D and its update function is a logical function [16] , [18] . As usual, to convert a BN system into the conventional discrete-time linear system, two equivalent vector forms of Boolean variables are defined: 1 ∼ δ 1 2 and 0 ∼ δ 2 2 . Henceforth, we consider the corresponding canonical vectors of Boolean variables. By Lemma 1, the componentwise form of each subsystem can be obtained. For example, in Fibonacci FSR (1), assume that the structure matrix of feedback function f is given as
Furthermore, by resorting to the STP method, the algebraic form of Fibonacci FSR (1) can be obtained as follows:
where L f ∈ L 2 n ×2 n is called the transition matrix. The relation between L f and M f has been revealed in [30] , specifically,
Or alternatively, equation (5) can be presented in the form of
Therefore, once the structure matrix of the update function is known, the transition matrix can be calculated, and state transition can also be determined.
III. MAIN RESULTS
In the following sequel, we will utilize the BN-based approach to further investigate the transformation between Fibonacci and Galois FSRs. Let z(t) = ⋉ n i=1 z i (t) be the state of Galois FSR (2) at time instant t. Followed by Definition 1, a coordinate transformation z(t) = T x(t) need to be found such that z 1 (t) = x 1 (t). Or alternatively, for arbitrary initial state x(0), we can find the corresponding initial state z(0) such that the generating output sequences are equivalent.
Definition 3.
[31] For any given binary sequence S assumed by S = (a 1 , a 2 , a 3 , ⋯), if there exist n 1 > 0 and n 2 > 0 such that a i = a i+n1 for all i ≥ n 2 , then sequence S is called ultimately periodic. The least integers n 1 and n 2 with this property are called period and preperiod of sequence S, respectively. Additionally, if n 2 = 1, then sequence S is called periodic.
Since FSRs are usually applied into digital circuits which only have two basic elements: 0 and 1, then the output sequences are composed of 0 and 1 rather than the corresponding canonical vectors. Therefore, if the output sequence is 1 0 0 1, it implies that the corresponding state sequence of register x 1 is δ 1 2 δ 2 2 δ 2 2 δ 1 2 . Because the order of elements has four cases: 1 → 1, 1 → 0, 0 → 1 and 0 → 1, we can define the following sets:
For any given α, β ∈ D, if there exists binary pair δ i 2 n , δ j 2 n ∈ S α→β , then it implies that the corresponding two adjacent outputs are α → β. Moreover, δ j 2 n is called the successor of δ i 2 n , and δ i 2 n is said to be the predecessor. It follows from equations (5) or (6) that the cardinal number of set S α→β , α, β ∈ D is fixed, namely 2 n−2 .
A. From Fibonacci FSRs to Galois FSRs
In this subsection, we are in position to construct the equivalent Galois FSRs with the matching initial states for a given Fibonacci FSR with arbitrary initial states. Before giving the construct approach, a lemma is first presented. Lemma 2. If a Fibonacci FSR can be transformed into an equivalent Galois FSR, let the coordinate transformation be z(t) = T x(t), then matrix T must be nonsingular.
Proof. Assume that matrix T is singular, that is, there exist τ 1 ≠ τ 2 and τ 1 , τ 2 ∈ [1, 2 n ] such that Col τ1 (T ) = Col τ2 (T ). It amounts to say that two different states δ τ1 2 n and δ τ2 2 n of the Fibonacci FSR are assigned into the same state of the Galois FSR. Based on this observation, the Fibonacci FSR with initial states δ τ1 2 n and δ τ2 2 n can generate the same outputs sequences. Thereby, according to state transition property of Fibonacci FSRs, it implies that δ τ1 2 n = δ τ2 2 n , which is in contradiction with the assumption that τ 1 ≠ τ 2 . Therefore, matrix T is verified to be nonsingular. Theorem 1. For any given n stages' Fibonacci FSR, all equivalent Galois FSRs with n stages can be constructed as follows:
• For any α, β ∈ D and (δ i 2 n , δ j 2 n ) ∈ S α→β , the unique corresponding binary array (δ i ′ 2 n , δ j ′ 2 n ) are defined and denoted by (δ i 2 n , δ j
holds for all binary arrays. Proof. For arbitrary given Fibonacci FSR, according to equation (6) , it concludes that sets S α→β , α, β ∈ D can be determined, and each set contains binary arrays which have the same order of elements. On the one hand, if the first and second conditions are satisfied, then we can determine the state trajectory of the equivalent FSR, which can guarantee the same output sequences. Thus, the transition matrix of the equivalent FSR, denoted by L g , can be determined. In [18] , Cheng et al. have showed the method to convert the transition matrix L g back to logical form (2) . Thus, refer to [18] , the equivalent FSR can be constructed. On the other hand, we should guarantee that the equivalent FSR is Galois configuration. If two Fibonacci FSRs are equivalent, then they must be identical. Therefore, the third condition can ensure that the equivalent FSRs must be Galois FSRs. Moreover, by the above analysis, all the equivalent Galois FSRs must be satisfy the above three conditions. Remark 1. Theorem 1 presents an efficient approach to construct all equivalent n stages' Galois FSRs, while [15] only find a unique Galois. Moreover, the method in [15] can not guarantee that the constructed FSR is Galois configuration. Thus, Theorem 1 develops an improved transformation between Fibonacci and Galois FSRs.
According to Theorem 1, for any given Fibonacci FSR with n stages, there always exist at least one equivalent Galois FSR with n stages. It is therefore natural to ask whether there exists equivalent Galois FSR which has fewer stages than the Fibonacci FSR while generating the same outputs sequences. According to Lemma 2, the answer can be obtained immediately.
Theorem 2. For any given Fibonacci FSR with n stages, there does not exist any equivalent Galois FSR which has fewer stages than n.
Actually if the equivalent Galois FSR has fewer stages, then the matrix T must be singular, which is in contradiction with Lemma 2.
Remark 2. For a given Fibonacci FSR, more than one equivalent Galois FSR can be constructed based on Theorem 1, because the update functions may be different. There exist a total of (2 n−1 )! 2 FSRs satisfying the first and second conditions. Therefore, for a given Fibonacci FSR, there are totally (2 n−1 )! 2 − 1 equivalent Galois FSRs.
Remark 3. According to Theorem 1, for an arbitrary given Fibonacci FSR, there must exist equivalent Galois FSRs. Compared with [9] , the uniform form and nonsingularity are unnecessary to be required in Theorem 1. Moreover, the constructed FSRs must be Galois configuration. However, [15] focused on the output sequences, and failed to analyze the configurations of constructed FSRs. Example 1. Consider the following Fibonacci FSR with 4 stages:
).
(7)
Followed by Lemma 1, the structure matrix of the feedback function is M f = δ 2 [2 2 2 2 2 2 1 2 1 1 1 1 1 1 2 2] . Furthermore, by equation (5) or (6), we can calculate that L f = δ 16 [2 4 6 8 10 12 13 16 1 3 5 7 9 11 14 15] . Moreover, 16 16 , δ 14 16 ) and (δ 16 16 , δ 15 16 ) ∼ (δ 13 16 , δ 15 16 ). Obviously, for all the above binary arrays, there is a binary array (δ 1 16 , δ 3 16 ) ≠ (δ 1 16 , δ 2 16 ). Therefore, the corresponding Galois FSR can be constructed, and the transition matrix can be computed as L g = δ 16 [3 5 4 8 10 16 9 13 2 6 12 7 15 1 11 14] . The coordinate transformation z(t) = T x(t) is associated with T = δ 16 [1 3 2 4 7 5 6 8 14 9 12 10 16 11 15] . Afterwards, refer to [18] , the corresponding logical form of Galois FSR can be obtained as follows:
(¬z 2 (t) ∧ (z 3 (t) ∨ z 4 (t)))]].
(8) According to Theorem 1, systems (7) and (8) are equivalent. As an illustration, system (7) with initial state δ 1 16 generates the following output sequence with period 16: 1 1 1 0 0 0 0 1 0 1 1 0 1 0 0 1⋯.
Additionally, system (2) with initial state δ 3 16 can generate the same output sequence with period 16. Actually, according to Remark 2, there exist a total of (2 3 )! 2 − 1 equivalent Galois FSRs. Due to the limitation of space, we only give a feasible equivalent Galois FSR.
It can be observed from Galois FSR (8) that every subsystem includes many logical gates, which decrease the speed of generating output sequences. Table I shows the space and time delays of some logical gates in a typical 90nm CMOS technology [2] . Therefore, from the viewpoint of cost and efficiency, we should reduce the complexity of update functions when constructing the equivalent FSRs, that is, the number of logical gates. Afterwards, we propose the following algorithm to further reduce the number of logical gates and variables. Remark 4. In Algorithm 1, the formula in line 6 is utilized to judge whether the i-th logical system is dependent of variable x j . Moreover, in line 20-21, S n k is calculated to obtain the structure matrix of f k . In the manner as that in line 6, the sub-procedure developed in line 24-26 is devoted to remove the independent variables.
B. From Galois FSRs to Fibonacci FSRs
It can be learned from Remark 2 that for any Fibonacci FSR, there must exist some equivalent Galois FSRs. Inversely, for any Galois FSR, whether there exist equivalent Fibonacci FSRs. Actually, there dose not exist a definitely answer, which depends on the characters of the given Galois FSR. Assume that there are two attractors given by a fixed point and a cyclic attractor with period r, that are δ α0 2 n and δ α1 2 n → δ α2 2 n → ⋯ → δ αr 2 n with r ⩾ n. Then, by resorting to the depth-first search algorithm, assume that there are two trajectories which traverse all the states, to attractors, given by
Moreover, the corresponding output sequences are assumed to be (1) a β1 a β2 a β3 ⋯ a βn ⋯ a βs 1 a ω0 a ω0 ⋯;
Here, a ω0 and b ωi , i ∈ [1, r] are the corresponding outputs of states δ α0 2 n and δ αi 2 n , respectively. Without loss of generality, we also assume that output sequence (2) is ultimately periodic and the period equals to r.
If the equivalent Fibonacci FSR with n stages can be constructed, followed by the property of states transition of Fibonacci FSRs, we have the following state trajectories (a β1 , a β2 , ⋯, a βn ) → (a β2 , a β3 , ⋯, a βn+1 ) → Algorithm 1 To reduce the number of logical gates and variables. Input: The set of all feasible transition matrices obtained from Theorem 1: K = L 1 g , L 2 g , ⋯, L d g . Output: Galois FSR. 1: procedure REDUCED TRANSITION MATRIX 2: Set i ∶= 1, l ∶= n and k = 1 3: while i ≤ d do 4: Assign l i = n and j i = 1 5:
Assign l i ∶= l i − 1 
The derived state transition digraph of Galois FSRs, denoted by G n , contains nodes and edges, where nodes represent the states of FSRs with n stages. If state (a 1 , a 2 , ⋯, a n ) is changed into (a ′ 1 , a ′ 2 , ⋯, a ′ n ) via update functions, then there exists a directed edge from the node representing (a 1 , a 2 , ⋯, a n ) to the node representing (a ′ 1 , a ′ 2 , ⋯, a ′ n ). Additionally, let the outputdegree of node (a 1 , a 2 , ⋯, a n ) be the number of edges which leave from the node.
Theorem 3. Consider Galois FSR (2) with outputs sequences (1) and (2), the equivalent Fibonacci FSR can be constructed, if and only if, the output degree of every node equals to 1 in derived state transition digraph G n .
Proof. State transition trajectories in digraph G n are (a β1 , a β2 , ⋯, a βn ) → (a β2 , a β3 , ⋯, a βn+1 ) → ⋯ → (a ω0 , a ω0 , ⋯, a ω0 ) → (a ω0 , a ω0 , ⋯, a ω0 ), and
. Assume that the corresponding canonical vector forms are δ
Moreover, the output degree of every node equals to 1. If there exists one node, whose output degree equals to 2, then it implies that there exists one column of L f equaling two values. Obviously, there does not exist such L f . Therefore, some columns of L f can be determined and satisfy equation (6) . Additionally, the rest columns satisfy equation (6) . Thus, the constructed Fibonacci FSR with L f is equivalent to Galois FSR (2). Lemma 3. For any given binary sequence, there exists Galois FSR at least that can generate the binary sequence, but it is not true for Fibonacci FSRs.
Proof. Assume that any given binary sequence denoted by S ′ , which is ultimately periodic, is a 1 a 2 a 3 ⋯ with its period and preperiod being n 1 and n 2 , then the Galois FSRs with n, n ≥ log 2 (n 1 + n 2 ), stages can be constructed as:
]. While, the sequence S ′ can not be guaranteed satisfy Theorem 3, then there possibly dose not exist one Fibonacci FSR generating sequence S ′ , which completes the proof.
It follows from Theorem 2 that there does not exist any equivalent Galois FSR with fewer stages than n for any given Fibonacci FSR with n stages. While for one given Galois FSR with n stages, there may exist an equivalent Fibonacci FSR whose the number of stages is less than n. The following example shows the existence of this kind of Fibonacci FSR. Example 2. Consider the following Galois FSR with 3 stages: 1 1 1 1 4 4 3 3 ]z(t) with z(t) ∈ ∆ 2 3 and x(t) ∈ ∆ 2 2 being the states of Galois FSR (9) and the equivalent Fibonacci FSR, respectively. Then we can construct two Fibonacci FSRs with 2 stages which are equivalent to Galois FSR (9) , that are
and
Take Fibonacci FSR (10) for example, when initial states are x(0) = δ 1 4 , δ 4 4 , δ 3 4 , δ 3 4 , respectively, Fibonacci FSR (10) can generate the same outputs sequences corresponding 1 − 4 .
It follows from the above example that there may exists an equivalent Fibonacci FSR which has fewer stages than that of the counterpart. Now, we prove the conclusion from the viewpoint of theoretical analysis.
Theorem 4. For any given Galois FSR with n stages, there possibly exists an equivalent Fibonacci FSR where the number of stages is less than n.
Proof. To show the conclusion hold, we only construct one binary sequence such that the output degree of every node equals to 1 in G i with i < n. Obviously, there must exists that binary sequence. The Lemma 3 suffices to show that there exist Galois FSRs with n stages that can generate the binary sequence. Thus, for Galois FSR with n stages, there potentially exists one equivalent Fibonacci FSR where the number of stages is less than n.
Remark 5. It can be learned from [9] that Galois FSR (9) fails to satisfy the uniform conditions, but there still exist the equivalent Fibonacci FSRs. Therefore, compared with [9] , [12] , [13] , our method is less conservative to investigate the transformation between these two types of FSRs. Now, for a given Galois FSR with n stages, an algorithm is proposed to find equivalent Fibonacci FSRs with minimal stages.
Lemma 4. If there does not exist any equivalent Fibonacci FSR with k stages for a given Galois FSR with n stages, then it cannot have an equivalent Fibonacci FSR, the number of whose stages is less than k. Clearly, output sequences (i) and (ii) can be generated by Fibonacci FSRs with transition matrix being (13) when initial states equal to δ 2 8 and δ 3 8 , respectively. It should be pointed out that in (13) , the columns (represented by * ) of L f only need to satisfy equation (6) , which implies that there exist eight equivalent Fibonacci FSRs with 3 stages. For example, Let L f = δ 8 [1 4 6 8 2 3 5 8], then the corresponding Fibonacci FSR is:
x 2 (t + 1) =x 3 (t),
IV. CONCLUSIONS
In this paper, we investigated the transformation between Fibonacci FSRs and Galois FSRs. We regarded these two FSRs as BNs, then under the framework of STP, the corresponding algebraic expressions can be obtained. One approach was proposed to construct equivalent Galois FSRs, and the number of logical operators were optimized. We also provided a criterion to see whether there exists one equivalent Fibonacci FSR. Moreover, one algorithm was given to find the equivalent Fibonacci FSRs with fewer stages. Additionally, it is interesting to find out that for any Fibonacci FSRs, there does not exist any equivalent Galois FSRs with fewer stages.
